A spanning tree with no vertices of degree two is called a homeomorphically irreducible spanning tree (or a HIST ) of a graph. In [7] , sets of forbidden subgraphs that imply the existence of a HIST in a connected graph of sufficiently large order were characterized. In this paper, we focus on characterizing connected P 5 -free graphs which have a HIST. As applications of our main result, we also characterize forbidden pairs that imply the existence of a HIST.
Introduction
In this paper, all graphs are finite, simple and undirected. Let G be a graph. We let V (G) and E(G) denote the vertex set and the edge set of G, respectively. For v ∈ V (G), we let d G (v) and N G (v) denote the degree of v and the neighborhood of v, respectively. We let K n , P n , C n and K n,m denote the complete graph of order n, the path of order n, the cycle of order n and the complete bipartite graph with partite sets having cardinalities n and m, respectively. For X ⊆ V (G), we let G[X] denote the subgraph of G induced by X. For terms and symbols not defined here, we refer the reader to [3] .
A fundamental problem in graph theory is deciding whether a graph has a particular type of spanning trees. One example is determining if a graph has a Hamiltonian path. This problem is the same as finding a spanning tree with all but two vertices of degree two. In this paper, we consider a spanning tree which is a class antithetical to the Hamiltonian path in point of a degree condition. For a graph G, a tree T is a homeomorphically irreducible spanning tree (or a HIST ) of G if T is a spanning tree with no vertex of degree two. Some properties about graphs containing a HIST were explored in, for example, [1, 4, 8, 9] .
For a set H of connected graphs, a graph G is said to be H-free if G contains no member of H as an induced subgraph. We also say that the members of H are forbidden subgraphs. If G is {H}-free, then G is simply said to be H-free. When considering the relationship between forbidden subgraphs and a certain graph property, we often restrict the number of forbidden subgraphs. Recently, two of the authors [7] characterized the sets of forbidden subgraphs that imply the existence of a HIST in a connected graph with sufficiently large order. Since almost all such forbidden subgraphs contain P 4 as an induced subgraph, one may consider that almost all P 4 -free graphs have a HIST. In [7] , Furuya and Tsuchiya also characterized the connected P 4 -free graphs which have a HIST (without the condition "sufficiently large order"), as follows.
Theorem A (Furuya and Tsuchiya [7] ) Let G be a connected P 4 -free graph of order n ≥ 4. Then G has a HIST if and only if G is neither K 2,n−2 nor F 1 , where F 1 is as in Figure 1 .
In this paper, our main aim is to extend Theorem A to P 5 -free graphs.
First we construct some graphs with no HIST for our characterization (see Figures 2 and 3 ). For n ≥ 1 and a P 5 -free graph H (note that H may be empty or
n ≥ 2 and a P 5 -free graph H (H may be empty or disconnected), let A 2 (n, H) be
A 5 (n, m) denote the graph obtained from A 2 (n, K 1 ) by adding a new vertex u and
, let F i be the graph as in Figure 1 .
(note that C is a set of graphs of order at most seven and
The following is our main result. 
Proof. It is obvious that sufficiency holds. So we show necessity. Suppose that G has a HIST H.
, then we get the desired conclusion. Thus we may assume that |S| ≥ 2. Then we see that |V (H)| ≥ 6, and
By a tedious check using Lemma 1.2, we can verify that a connected P 5 -free graph of order at most seven has no HIST if and only if the graph does not belong
Thus we deal with P 5 -free graphs of order at least eight.
For our proof, we introduce the concept of a dominating subgraph. Let G be a graph, and let S be a subgraph of G. If every vertex in V (G) − V (S) is adjacent to at least one vertex of S, then S is said to be a dominating subgraph of G. We divide the proof of Theorem 1.1 based on whether the graph has a dominating clique or not. We prove Theorem 1.3 in Section 2 and Theorem 1.4 in Section 3. In Section 4, we introduce applications of our main result. In particular, we characterize forbidden pairs that imply the existence of a HIST.
A HIST in P 5 -free graphs with a dominating clique
In this section, we show Theorem 1.3.
We first show the necessity of Theorem 1.3.
Lemma 2.1 No graph in
Proof. By the definition of a HIST, we see that if a graph has a cutset consisting of vertices with degree two, then the graph has no HIST. Hence no graph in A 1 has a HIST.
Suppose that a graph A in A 2 ∪ A 3 ∪ A 4 has a HIST T . By the construction of
, we see that there is a dominating clique Q of A and there is a vertex
Hence we see that T [V (Q)] has a cycle, which contradicts the assumption that T is a tree. Consequently, no graph in
Finally, we show that every graph in A 5 has no HIST. Note that
Thus it suffices to show that
A 5 (n, n) has no HIST by the above argument. Consequently, no graph in A 5 has a HIST.
Let G be a graph, and suppose that G has a dominating clique Q. We define a
Lemma 2.2 Let G be a graph of order n ≥ 4, and suppose that G has a dominating
Then the spanning tree of G with the edge set
is a HIST, as desired. Thus we may assume that u ∈ U (f G,Q , 0).
a complete graph, and so G has a HIST, as desired. Thus we may assume that
. Then the spanning tree of G with the edge set
Now we prove Theorem 1.3.
Proof of Theorem 1.3. Necessity follows from Lemma 2.1, thus we must only prove sufficiency. Let G be a connected P 5 -free graph G of order n ≥ 8 with a dominating clique. We assume that G has no HIST, and show that G ∈ ∪ 1≤i≤5 A i . Let Q be a smallest dominating clique of G, and set t = |V (Q)|. Since G has no
Proof. We first consider the case where
We next consider the case where
Then f is a proper function and
Note that Q is a dominating clique of G ′ .
Now we show that |V
By Lemma 2.2, G ′ has a HIST T . Then the spanning tree of G with the edge set
This together with Claim 2.2 implies
′′ is an induced path of G, which contradicts the assumption that G is P 5 -free.
Claim 2.4 If
By Claim 2.4, we may assume that t ≥ 3. Write
Let s be the integer so that u t ∈ U (f G,Q , s), and write V s = {v
Claim 2.5 If
3. This together with Claim 2.1 implies
By Claim 2.5, we may assume that s = 2.
by Claim 2.3.
Proof. Suppose that v
′ i v j ∈ E(G), v ′ i u j ̸ ∈ E(G) and v ′ i u l ̸ ∈ E(G) for some 1 ≤ l ≤ t − 1 with l ̸ = j. By (2.1), v j v l ̸ ∈ E
(G). By Claims 2.1 and 2.2, v
is an induced path of G, which contradicts the assumption that G is P 5 -free.
If there is no edge between V 2 and U (f G,Q , 1), then there is also no edge between V 2 and V 1 by Claim 2.6, and hence G = A 2 (t, G[V 2 ]). Thus we may assume that there is an edge between V 2 and U (f G,Q , 1). Without loss of generality, we may assume
We see that f is a proper function of
, and
By Lemma 2.2, G ′ has a HIST T . Then the spanning tree of G with the edge set E(T ) ∪ {v
v} is a HIST, a contradiction. 
By Claim 2.9, we may assume that
is an induced path by Claim 2.1, which contradicts the assumption that G is P 5 -free. Thus k = t − 2.
This completes the proof of Theorem 1.3.
A HIST in P 5 -free graphs with no dominating clique
In this section, we consider connected P 5 -free graph with no dominating clique.
We first show the necessity of Theorem 1.4. We show that no graph in B 2 has a HIST. Suppose that B 2 (n) has a HIST T for some n ≥ 2. Since B 1 (n, 2) does not have a HIST, either x 2,1 or x 2,2 has degree three in T . We may assume that x 2,1 has degree three in T . Then N T (x 2,2 ) = {x 2,1 }.
In particular, T is also a HIST of B 2 (n, 2) − {ux 2,2 , x 2,2 y 2 }. On the other hand, 2 } is a cutset of B 2 (n, 2) − {ux 2,2 , x 2,2 y 2 } which consists of vertices with degree two, and hence B 2 (n, 2) − {ux 2,2 , x 2,2 y 2 } does not have a HIST, a contradiction. Consequently, no graph in B 2 has a HIST.
Bacsó and Tuza [2] and Cozzens and Kelleher [5] independently proved that connected P 5 -free graphs with no dominating clique have a dominating P 3 .
Theorem B (Bacsó and Tuza [2], Cozzens and Kelleher [5]) Every connected
P 5 -free graph has either a dominating clique or a dominating P 3 .
We give a structure lemma concerning P 5 -free graphs with no dominating clique by using Theorem B.
Lemma 3.2 Let G be a connected P 5 -free graph, and suppose G has no dominating clique. Then G contains an induced cycle of order five such that any consecutive three vertices in the cycle are a dominating P 3 of G.
Proof. We first show that G has an induced cycle of order five which contains a dominating P 3 of G. Since G is P 5 -free and has no dominating clique, G has a dominating P 3 by Theorem B. Let P = x 1 x 2 x 3 be a dominating P 3 of G. Note
). Since y 1 x 1 x 2 x 3 y 3 is not an induced path, y 1 y 3 ∈ E(G), and hence y 1 x 1 x 2 x 3 y 3 y 1 is an induced cycle containing a dominating P 3 of G.
Let C = u 1 u 2 u 3 u 4 u 5 u 1 be an induced cycle of G, and suppose that the path
For the completion of the proof, it suffices to show that the path u 2 u 3 u 4 is also a dominating P 3 of G. Suppose that u 2 u 3 u 4 is not a dominating path. Since u 1 u 2 u 3 is a dominating path,
is an induced path, which contradicts the assumption that G is P 5 -free.
We next consider a set of eight vertices containing a dominating P 3 . Let G be a graph, and let x 1 , x 2 , x 3 , y 1 , · · · , y 5 ∈ V (G) be eight vertices. A pair of sequences ((x 1 , x 2 , x 3 ), (y 1 , · · · , y 5 )) is extendable if x 1 x 2 x 3 is a dominating P 3 of G and
Lemma 3.3 If a graph G has an extendable pair of sequences, then G has a HIST.
Proof. Let ((x 1 , x 2 , x 3 ), (y 1 , · · · , y 5 )) be an extendable pair of sequences in G, and
Then the spanning tree of G with the edge set   {x 1 x 2 , x 2 x 3 , x 1 y 1 , x 1 y 2 , x 2 y 3 , x 3 
Without loss of generality, we may assume that ux i ∈ E(G)
is an extendable pair of sequences. In either case we arrive at a contradiction.
We may assume that there exists a vertex in V (G) − V (C) which is adjacent to x 1 and x 3 .
is an extendable pair of sequences in G.
By Claim 3.1, we may assume that a is adjacent to x 1 and x 4 . Again by Claim 3.1, This completes the proof of Theorem 1.4.
Applications
The main theorem of this paper (Theorem 1.1) gives characterization of connected As applications of the main theorem, we characterize forbidden pairs for the existence of a HIST. Now we give a relation between two forbidden subgraphs as follows: for two sets H 1 and H 2 of forbidden subgraphs, we write H 1 ≤ H 2 if for every H 2 ∈ H 2 , there exists H 1 ∈ H 1 such that H 1 is an induced subgraph of H 2 .
Note that if H 1 ≤ H 2 , then H 1 -free graph is H 2 -free (see [6] ). 
